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Abstract 

We prove a few results concerning the notion of finite dimensionality of mixed 
Tate motives in the sense of Kimura and O'Sullivan. It is shown that being oddly 
or evenly finite dimensional is equivalent to the vanishing of certain cohomology 
groups defined by means of the Levine weight filtration. We then explain the 
relation to the Grothendieck group of the triangulated category D of mixed Tate 
motives. This naturally gives rise to a A— ring structure on Kq(D). 

§1. Introduction 

The triangulated category of motives we consider is that of geometric mixed motives 
-DM gm (Spec(/c), Q) over a perfect field k constructed by Voevodsky [20]- Everything 
below will also work for Levine's triangulated category of mixed motives constructed 
in [15] . Moreover by [HH Chapter VI, 2.], the two triangulated categories above are 
equivalent in characteristic zero. In particular, following Levine [H] , we consider the ten- 
sor triangulated full subcategory D of DM gm generated by the Tate motives Q(n), n G TL. 

This article consists of two parts. In the first part (i.e. §§2-4) we prove certain results on 
the finite dimensionality of mixed Tate motives. In the second part (i.e. §5) we study the 
Grothendieck group of the triangulated category of mixed Tate motives with applications 
to problems discussed in the first part. Now we explain in more detail the content of this 
article. 

The triangulated category D of mixed (Tate) motives is a Q— linear tensor triangulated 
category. We recall in §2 the basic properties of such categories. These are enough for 
the following basic definitions. For example, it follows from these properties that we 
have a functorial and well-defined action of the symmetric group E n (i.e. the set of bi- 
jective functions on {1,2, • ■ ■ , n}) on the n— th tensor power of a motive X. Moreover 
we show ( 12. 2p that this action is well-behaved with respect to the shift functor X \— > X[l]. 

The definition of Schur functors can be given in any Q— linear tensor category in which 
projectors have a kernel, i.e. Karoubian categories. This is done by Deligne [BJ. We show 
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in (I3.1ip that the triangulated category of mixed Tate motive is Karoubian. This allows 
us to use the most basic properties [El Section 1] of Schur functors X \— > S\(X). the good 
behaviour of the action of £ n , as described above, gives a functorial isomorphism 

S X (X[1]) ~ S x t(X)[n] 

where A is a partition of n and A* is the transpose partition. This is proved in detail 
in (O). 

A more important structure of the triangulated category of mixed Tate motives is the 
existence of a weight filtration in the sense of Beilinson, Ginsburg, and Schechtman [H 
1.3.1]. This is the result of Levine [Mj. Using this we explain in (13. 8ft the existence of 
a conservative tensor functor gH w on D with values in the bounded derived category of 
finite dimensional Q— vector spaces. Therefore we have the isomorphism 

S X (W W (X))^ W W (S X (X)) 

of finite dimensional vector spaces. Denote by d + (X) (resp. d~(X)) the sum of dimensions 
of even (resp. odd) cohomology Q— vector space of gr w (X). We prove the following 
theorem. 

Theorem (14.61 ). Let X be a mixed Tate motive and fi a partition. Then S^X) = if 
and only if [u] D [1, d+(X) + 1] x [1, d~(X) + l]. 

In particular, for a mixed Tate motive X the following assertions are equivalent. 

1. There exists n > 1 such that Alt n (X) = 0. 

2. W(^ W {X)) = for every q = l(mod 2). 

Similarly, there exists n > 1 such that Sym n (X) = if and only if H q (gr w (X)) = for 
every q = 2 (mod 2). 

We mention two consequences of this result. Recall from Kimura [12] that a motive X is 
called Alt (or evenly) finite dimensional if the equivalent conditions in the theorem are 
satisfied, i.e. if there exists an integer n with Alt™(X) = 0. Similarly Sym (oddly) finite 
dimensionality is defined. The above theorem implies (14. 8ft that if X — > Y — ► Z — > X[l] 
is a distinguished triangle in which X and Z are Sym finite dimensional, then so is Y. 
Similar statement holds for Alt finite dimensional objects. This corollary is also a special 
case of a more general result by Mazza [TSj and Guletskii [S]. Let A be a mixed Tate 
motive which is Alt (respectively Sym) finite dimensional. Let us define the dimension of 
such a motive X, denoted dim-i-(X), to be the greatest integer n such that Alt™ (A) ^ 
(respectively Sym n (A) ^ 0). Another consequence (14.61) of the above theorem is 

dim ± (A) = dim Q (^(gf w/ (A))). 

It is worthwhile mentioning (see below) that this integer is determined by the class cl(A) 
of X in K (D). 

A mixed Tate motive X is, according to Kimura [12J and Andre, Kahn, and O'Sullivan [3], 
said to be finite dimensional in the sense of Kimura- O'Sullivan if X ~ X + © A_ for an 
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Alt finite dimensional motive X + and a Sym finite dimensional motive X_. Not all mixed 
Tate motives are finite dimensional in this sense. In ( 14. lip we give an infinite set of non- 
isomorphic non-finite dimensional motives. However it follows ( 14. 6ft that for any mixed 
Tate motive X there exists an integer n such that the Schur functor S nxn vanishes on X 
where n x n is the partition (Ai, • • • , A n ) with Aj = n. For a bibliography and survey of 
results and conjectures concerning finite dimensionality of motives see Andre's article [2]. 

The second part of this article is devoted to a brief study of the Grothendieck group of D. 
We show in (15. 2p that K Q (D), which is in fact a ring because of the existence of a bi-exact 
tensor structure on D, is as a ring isomorphic to Z[r, r _1 ] where r is an indeterminate. 
An isomorphism is given by r i— > cl(Q(l)). We have the following result. 

Theorem (15.41) . For each i > the map 

A*: K Q (D) -> K (D), cl(X) i-> cl{Alt l {X)) 
is well-defined. The \ l define a structure of X— ring on K (D). 

Essentially the same proof as that of 15.41 gives in fact a more general statement ( 15.121) . 
in which arbitrary Schur functors are considered. These results imply in particular the 
rationality of the Zeta function (x{t) of a mixed Tate motive X, defined following [TT] 
and [2, 4.3] as an element of K Q (D)[tj. 

It remains to make a remark in the case of (not necessarily Tate) geometric motives. It 
would be useful and interesting to have a list of basic properties similar to ones above 
(particularly the previous theorem) using instead the slice filtration on motives as de- 
fined and studied by Voevodsky (19] and Huber and Kahn [9]. The basic problem is to 
determine the Grothendieck group of the triangulated category where graded pieces of 
this filtration land. This is a work in progress. 

Acknowledgements. The first part (i.e. sections 1-4) of this article is an expanded version 
of a section of author's Ph. D. dissertation. I thank my supervisor Annette Huber- 
Klawitter for her helps and encouragements. I would also like to thank the IHES for its 
support and hospitality during the period January-March 2006 where the work on the 
last section of this article was done. Special thanks goes to the referee for his careful 
comments and contributions which improved the article a lot. 

§2. Mixed Tate motives 

Similar to Levine's definition [TJ1 Definition 3.1], define the triangulated category of mixed 
Tate motives D := DMT(Spec(fc), Q) to be the tensor triangulated full-subcategory of 
Voevodsky geometric motives T := _DM gm (Spec(fc), (Q) of [20] generated by (Q(±l). The 
categories D and T, being tensor triangulated, satisfy the following axioms. 

(TTCg)) D has the structure (®,(p,t, 1) of an ACU{= compatible associative, commu- 
tative, and unital) Q— linear tensor category in the sense of (181 Chapitre I, 
2.4.3]. 

(TTCa) D has the structure of a Q— linear triangulated category. 
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(TTCr 5 l) There exist natural isomorphisms pxy '■ X<g>Y[l] — > (X(g)Y)[l] and \x,y '■ X[l]® 
Y — > (X ® Y) [1] of functors from D x D — > D such that for every distinguished 
triangle X — > F — > Z — > X[l] with differential d: Z — > X[l] the resulting 
triangles T<g>X^T<g>y^T<g>Z^(T<g>X)[l] with differential p T)X o(id T <g)d) 
and X ® T F ® T -> Z <g> T (X ® T) [1] with differential A X>T o(d® id T ) 
are distinguished. 

(TTC_i) the diagram 

1[1] ® 1[1] — ® 1[1] 



2] 



-id 



2] 



commutes. 



Remark 2.1. For a discussion on the above axioms and other notions of tensor trian- 
gulated categories see §2] . For the case of triangulated category of geometric motives 
of Voevodsky see [20], 2.1.3] and also [32J Appendix 8]. 



Let D be a category satisfying the above axioms and X an object of D. Existence and 
functoriality of the commutativity constraint gives a natural action of the symmetric 
group £2 on X® 2 . This can be uniquely extended to an action of the symmetric group 
S n on X® n . In particular there is an algebra homomorphism 



ix: QPn] ^End D (X 



which is natural in X, i.e. £y(vr) o f® n = f® n o £y(7r) for any morphism /: X — ► Y and 
any rr G Q[£„J. We usually denote £x(k) by i\x or just it. We remark that this action 
is well-defined only because of the compatibility conditions (i.e. coherence theory) in the 
definition of tensor categories. 



Lemma 2.2. There exists a functorial isomorphism atx,n' (X[l])® n 
for each o G S„ the diagram 



X® n [n] such that 



(X[l])® n 



<XX,n 



mi]) 



OX,; 



X® n [n] 

e(a)tT X 

■X® n [n] 



is commutative. 



Proof. First consider the case n = 2 and o x = t: X® 2 — > X® 2 . Let u X - X — > 1 <g> X 
be the natural isomorphism. For objects Z, T consider the diagram 



Z [l] ® T[l] " zM0 " T[1 i (1 ® Z)[l] ® (1 ® T)[l] g, ® (1[1]) ® T) 



T[1]®Z[1] 



U T [1]®U Z [1] 



(1®T)[1] <g> (1®Z)[1] 



;i[i] ®t) ® (i[i])®z). 
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This is commutative by functoriality of the commutativity constraint t. Next consider 
the diagram 



[1[1]®Z) ® (1[1] ®T) 



;i[i]®t) ® (i[i] ®z) 



id®t®id 



id®t®id 



;i[i]®i[i])®(z®t) 



f®f 



® i[i]) ® (t® z). 



This is a formal diagram and hence, by pentagon and hexagon axioms, is commutative 
in any tensor category, see also [IHl Chapitre I, apres 2.5.3.4]. Next let /: Y — > Y' be a 
morphism. The diagram 



® 1[1]) ® Y 1[1] ® (1[1] ® F) 1[1] ® F[l] 



(id<8»id)®/ 



id® (id®/) 



id®/[l] 



1[1] ® (1[1] ® Y') — 1[1] ® Y'[l] 



■Y\2] 

/[2] 

Y'[2\ 



in which (f 1 is the associativity isomorphism, is commutative by functoriality of A and tp. 
To prove the lemma in the first case, put all these diagrams together and let Z = T = X, 
Y = Y' = X® 2 , and / = -t. For n > 2, note that each a can be written as a product 
of transpositions. The general diagrams above and well-definedness of £x show that the 
statement holds for any n and a. □ 



§3. Levine WEIGHT FILTRATION 

In [T4"l §1] Levine defines a weight filtration on his triangulated category of mixed Tate 
motives. Below we mention this result, when imitated in the setting of Voevodsky tri- 
angulated category of geometric motives, and use it to obtain more specific properties 
of mixed Tate motives. These are used in next section to define, for example, the al- 
ternating algebra object of an object X of D inside the category D. In what follows 
D = DMT(Spec(k),Q) is the tensor triangulated category of mixed Tate motives with 
rational coefficients over a perfect field k as in $21 

Definition 3.1. For an interval J C 7L define WjD to be the full triangulated subcat- 
egory of D generated by t(m) with m G J. 

Theorem 3.2 (Levine). Let D = DMT(Spec(k), Q) be the tensor triangulated cate- 
gory of mixed Tate motives and n an integer. 

(i) The category W[ n>n ]D is, as a triangulated category, equivalent to the bounced 
derived category of hnite dimensional Q— vector spaces. 

(ii) The inclusion VK]_ (X3) „[I? — > D has a left adjoint W <n : D — > Wy^^D. 

(in) The inclusion W] m ,+oo{D — > D has a right adjoint W >m : D — > W] mt+00 [D. 

(iv) For each object X the canonical triangle W >n -iX — > X — > W <n X W >n ^iX[+l] 
is distinguished and natural in X. 
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Proof. This is proved in [H, §1]. □ 
Remarks 3.3. 

(1) We note that the functors W <n and W >m being adjoint to triangulated functors are 
triangulated. By abuse of notation we occasionally consider these as endofunctors 
on D. 

(2) W <n o W >m = W >m o W <n . 

(3) If X = l(q)\p] then W <n (X) is X if q < n and zero otherwise. Similarly W >m (X) is 
X if q > m and zero otherwise. This follows from 13.21 and in fact used as definition 
of W <n (X) in [3 §1]. 

(4) Let S — > Spec(fc) be a connected smooth projective equidimensional scheme of 
dimension d > 1. Assume that X = M(S) is mixed Tate. Then it is easy to see 
that W <0 (X) = 0, W <X {X) = 1, and W >d (X) = 0. 

Definition 3.4. gr)f(X) := W >n ^ o W <n+1 (X) and gr w (X) := TJgrf (X) 

Corollary 3.5. For eacii n e Z, tie triangles grjf (X) — > W <n+1 (X) — > VK< n (X) — > 
grf (X)[+l] and ^ >n (X) ^ ^.^X) ^ grf (X) ^ W> n (X)[+l] are distinguished 
and functorial in X . 



Proof. This follows from Q and 3.3(1) □ 



Corollary 3.6. Let X be a mixed Tate motive. The set of integers n for which 
gr)f(X) ^ is finite. 



Proof. To prove this note that by 3.3(1) the endo-functor grj; is triangulated (i.e. 



exact) and hence it is enough to prove the statement for X of the form 1(g) [p]. But this 



follows from 3.3(3) □ 



Definition 3.7. gr^: D -> D b (Q - fgmod) is defined by X ^ JJgr^ (X)(- 



-n). 



Proposition 3.8. gr w is a tensor triangulated functor and gr w (X) = if and only if 
X = 0. 

Proof. Let X be a mixed Tate motive. Since grJ^(X) = for almost all n, the 
functor gr w is well-defined and is obviously additive. Let gr w (X) = 0. By definition 
grJ^(X) = for all n G Z. The result 13.61 implies that X = 0. To see that gl w is 



an exact (i.e. triangulated) functor note that by 3.3(1) the individual functors gr% are 
exact. Also the functor X t— > X(—n) is triangulated. It follows that the functor gr^ is 
also triangulated. Since a coproduct of distinguished triangles is distinguished, it follows 
that gl w is a triangulated functor. Now we prove that gr w is a tensor functor. First note 
that gr (1) is the complex (Q concentrated in degree 0. Let Y be another mixed Tate 
motive. We show that there is a natural isomorphism 

Zx,y : W W (X) ® W W (Y) -> gf W (X ® Y) 
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of functors. To see this we first construct a morphism 7 Pig : gr^ (X) (gigr^ (X) — > gr„ (X® 
Y) for any p + q = n and any pair of objects X, Y which is natural in both arguments 
and which is an isomorphism whenever Y is an object of W\ qjq \D. Consider the natural 
morphisms 

x g, Y 2«- W >P - X {X) ® W >q ^(Y) grf (X) ® W >g -x(Y) grf (X) ® grf (Y). 

Using the canonical distinguished triangle W >P (X) — >■ W / >p _i(X) — > grJf(X) — > jy >p (X)[+l] 
in tensoring it with W >q -i(Y), and noting that W <n+ i(W >p (X) ® W >g _i(K)) van- 
ishes we see that gr^(/3') is an isomorphism. Similarly gr^(/3") is an isomorphism. Now 
define 

l P , q ■= S^M o grf (PT 1 o gr^iP'T 1 - 
By definition 7 Pj9 is an isomorphism whenever X = gr^(X) or Y = grj^(y). Denote the 
coproduct of all 7 P . 9 (— p — q) by £x,Y- This is natural in X,Y and induces isomorphism 
for generators of D, we conclude that £x,y is an isomorphism for all X, Y. These isomor- 
phisms are compatible with commutativity, unit and associativity constraints. To see this 
first note that, as above, the fact that W >n is right adjoint to the inclusion W >n D — > D 
implies that the morphism ax,Y gives a morphism 

Pxy : W> P (X) ® W> q (Y) -> W> n (X ® y) 

where n = p + q and iy> ra = W> n _i. This is natural in X and y and compatible with 
tensor structures. For example let t be the commutativity constraint. We must show 
that the diagram 

w> p (x) ® iy> 9 (y) — w> n (x ® y) 

t W> n (t) 

w> q (Y) ® w> p (x) -^i vy>„(y ® x) 

is commutative. This diagram being obtained as the right adjoint of the commutative 
diagram 

w> p (x) ® w> q {Y) x ® y 
vy> g (y) ® iy> p (x) r ® x, 

is commutative. In short, we have commutative diagrams, analogous to those for a "lax 
monoidal functor", which express the compatibility of the above morphism with the unit, 
associativity and commutativity constraints. Similarly we have a canonical morphism 

a x ,y : W< n (X ® Y) -> W< P (X) ® W< 9 (y) 

where n = p+q and jy< n = W< n +i. This is natural in X and Y and there are commutative 
diagrams analogous to those for a " colax monoidal functor" . Then 7 P <? is the composite 

w< n w> n (x ® y) ^— w< n (w> p (x) ® w>,(y)) w< p w> p (x) ® iy< 9 iy> g (Y). 

of r = (o'vi / > p (x),u / > q (y))~ 1 with s = Jy< n (px,y)- The necessary compatibilities for the 
morphisms j p>q can now be deduced from those for p and a in a similar way to those for 
the composite of two tensor functors. The result follows. □ 
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Corollary 3.9. Let f: X — ► Y be a morphism of mixed Tate motives. Then f is an 
isomorphism if and only ifgf w (f) is. 

Proof. The only if part follows from functoriality of gf„ . To prove the if part, let Z 
be a mixed Tate motive such that X — > Y — ► Z — ► is a distinguished triangle. 

The functor gf 117 takes a distinguished triangle to a distinguished one. This implies that 
gf (Z) = 0. The previous result shows that Z = and hence / is an isomorphism. □ 

Corollary 3.10. If X <g> y = 0, then X = or Y = 0. 

Proof. The same is true for D b ((Q — fgmod) and hence by 13.81 for mixed Tate motives. 

□ 



Proposition 3.11. D = DMT(Spec(k),Q) is Karoubian, i.e. every projector has a 
kernel. 



Proof. Let p: X — > X be a projector. It follows from 13.21 that for each n the projector 
gr^(p) has a kernel. An induction based on 3.3(3) shows that it is enough to prove that 
if W >n -\{p) and W <n (p) have kernel, then so does p. View D as a subcategory of the 
triangulated category DM gm of geometric motives. The diagram 



W >n -tX- 



X 



W >n -i(j>) 



W >n ^X 



X 



W <n X *W>n_iX[+l] 

W <n (p) W>„_i(p)[l] 

W <n X ^W >n ^X[+l] 



is a morphism of distinguished triangles and each vertical morphism is a projector. The 
category DM gm is by definition Karoubian. Note that the triangle 

ker jDMgm (W >n _i(p)) -> ker DMgm (p) -> ker DMgrn (W <n (p)) -> ker £)Mgm (W >ri _i(p))[l] 

being a direct summand of the previous distinguished triangle is a distinguished triangle 
in DM gm . This means that the kernel of p is isomorphic to an object of D. □ 



Corollary 3.12. D is a thick tensor subcategory of the triangulated category of geo- 
metric motives. 

Proof. Let X, Y be geometric motives such that Z := X © Y is mixed Tate. Note that 
y is the kernel of an idempotent of Z. The result follows from l3.lTl □ 



Corollary 3.13. Let S be a smooth scheme of finite type over k and n > 1 an integer. 
IfM gm (S)® n is mixed Tate, then so is M gm (S). 

Proof. We assume that n > 2. Let A: S — > S Xk ' n be the diagonal morphism and 
pr-L : S XkTl — > S the projection onto the first factor. Note that M gm (S) is the image of the 
projector M gm (A) o M gm (pr 1 ). The result follows from 13 .121 □ 
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4. SCHUR FUNCTORS AND FINITE DIMENSIONALITY 



The construction of Weyl modules and Schur functors as done, for example, in Lec- 
ture 6] for finite dimensional vector spaces can be carried out in any Karoubian Q— linear 
tensor category. This is explained in [Sj. Following the latter we give the definition and 
first properties of the Schur functors on the triangulated category of mixed Tate motives 
D of U2 

Let us denote by A the group algebra Q£ n . An approach to the theory of representation 
of the symmetric group £„, due to Young, is based on a statement that there exists a 
bijection between the set of isomorphism classes of irreducible A— modules and that of 
partitions of n, i.e. sequences (Ai, . . . , A&) of positive integers Ai > A 2 > • • • the sum of 
whose elements is n =: |A|. See [7] or [TU] for details. For a partition A of an integer n 
define its diagram to be 

[A] := {(i, j) G 1? | 1 < z, 1 < j < A, } C [1, n] x [1, n\. 

Denote by V\ the irreducible A— module corresponding to A. We note that V\ is in fact 
defined over Q, i.e. End^Vx) = Q- It follows that A ~ EndQ(Vx), see [3, Lecture 4]. 

We recall from [6] the following construction. Let U\ := be dual of V\ as a Q— vector 
space. Note that U\ is also an A— module, i.e. equipped with the dual action. For an 
object X of D consider the functor 

F XiX : D op -> Q - mod Y h-> Rom^Vx, Hom D (Y, X®")). 

This is a representable functor. In fact we may take a Q— basis of U\ and define U\®X® n 
to be the direct sum of dimqtV) copies of X® n . It follows that U\ <8> X® n is determined 
up to a unique isomorphism and represents the functor F\ } x- Note that this construction 
is functorial and hence U\ ® X® n has an action of S„ written as o \— > <7[/ A ® cr^. It is con- 
venient to denote the representing object of F A x by Hom D (V^, X® n ) instead of U\®X® n . 

Now let Y be an object of D equipped with an action of S n , i.e. a Q— algebra homomor- 
phism £ Y '■ A — > Endi)(Y). Note that the element s n := A cr of the group ring A is an 
idempotent. Define Y Sn to be the image of the projector £y(s n ). 

Definition 4.1 ([6]). S A : D -> D is defined to be X ^ Hom p (Vk, X 0W ) S ". 

Proposition 4.2. ^(^[l]) ~ 5A*(X)[n] naturally in X where the partition A* is tie 
transpose of A. 



Proof. Let Z7' be Q with the action (Tu'(z) 
identified with its dual U N . By 12.21 the diagram 



€[cr)z. 



Note that U' is canonically 



(X[l])® n 

°X[1] 

(X[l])® n 



(t/'®X 0n )[n] 
(U' ®X® n )[n] 
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is commutative. Now everything should be clear as by definition 14.11 we have 

S X (X[1}) = Eom D (V x ,(X[l}r n f" 

= Eom D (V\,(U' ®X® n )[n] 

= EQm D (V\,U' <8> X® n ) Sn [n] 
= Uom D (V x ® U' v ,X® n ) Sn [n] 

= S x t{X)[n}. 

Naturality of the resulting isomorphism follows from that of otx.n and the fact that all 
the above isomorphisms are natural in X. □ 

Remark 4.3. As the proof shows, the above proposition is valid for any object X of a 
category D satisfying the axioms in §|2j 

Corollary 4.4. Alt n {X[l}) = Sym n {X){n] and Sym n {X[l}) = Alt n {X)[n] where Alt n = 
S^,...,!) and Sym n = S( n ). 

Proposition 4.5 ([6]). The following assertions hold. 
(1) If S\(X) = then S^(X) = for any partition \i with [A] C 



(2)S X {X®Y)= \\ (S^X) ® S V (Y)) 
M+\v\=W 



Most of the basic properties of functors S\ follow from this proposition. We also note 
that if S\(X © Y) = 0, then S\(X) = 0. To see this it is enough to note that S\, being 
a functor, takes the retraction X © Y — > X to a retraction. 

For a mixed Tate motive X let 

/P v (gf w (X)) :=]jH 2 i(gf w (X)) and H odd (gf w (X)) := ]J H* +1 (w W (X))- 

and define d+(X) := dim Q (# ev (gr w (X))) and d~(X) := dim Q (iJ odd (gr w/ (X))). 

Theorem 4.6. Let X be a mixed Tate motive and // a partition. Then S^X) = if 
and only if [u] D [1, d+(X) + 1] x [1, d~(X) + 1]. 

Proof. Let X be as in the statement. Note that gr w (X) is an object of D b ((Q — fgmod). 
Therefore there exists an isomorphism 

gr W (X)^l[H^gf W (X))[-q}. 
10 



It follows from this, 12.21 and 13.81 that the functor 

F:Ih H ey (gr w (X)) © H odd (gf w {X)) 

is a tensor functor from the triangulated category of mixed Tate motives to that of su- 
per finite dimensional (Q— vector spaces and takes non-zero objects to non-zero objects. 
Therefore S^X) = is equivalent to S^F(X)) = F(S M (X)) = 0. The result Corol- 
laire 1.9] states that the latter is equivalent to 

\ i<d + {X) orj<d-{X)}. 

The result follows immediately. □ 



Corollary 4.7. Let X be a mixed Tate motive. The following assertions are equivalent. 

1. There exists n>\ such that Alt n {X) = 0. 

2. H q (gr w (X)) = for every q = \{mod 2). 

Similarly, there exists n > 1 such that Sym n (X) = if and only if H q ^gr w (X)) = for 
every q = 2(mod 2). 

Corollary 4.8. Let X —> Y —> Z — > X[+l] be a distinguished triangle of mixed Tate 
motives. If Sym n (X) and Sym m (Z) reduce to zero for some non-negative integers n,m. 
Then Sym k (Y) = for some k > 0. Similar statement holds for Alt. 

Proof. This is a direct consequence of 14.71 and the fact that X i— > H 9 {gr w (X)) is, 
by 3.3(1), a homological functor. □ 



Remark 4.9. The above corollary holds more generally for (not necessarily Tate) mixed 
motives as shown in 181 and 1161 . 

E 3 E 3 

Corollary 4.10. Let X be a mixed Tate motive if Alt n (X) = Sym n (X) = for some 
n>0, then X = 0. 

Proof. This is again a direct consequence of 14.71 and 13.81 □ 



Example 4.11. Let k be a field and n an even positive integer, e.g. k = C and n — 2, 
such that 

Hom D (l, l(n)[n]) = K%{h) ®z Q ^ 0. 

Consider any distinguished triangle 1 — > l(n)[n] — > X — > 1[1] where / 7^ 0. It follows 
from exactness of the functors K 1— > grJ^(Y) that gr H/ (X) = 1[1] © l(n)[n]. Note that 
since / 7^ and Hom£>(l(n)[n], 1[1]) = it follows that X 9^ gr H/ (X). Let us show that 

1. X is not finite dimensional in the sense of Kimur a— O' Sullivan. That is X can not 
be written as the direct sum Y © Z with Alt p (Y) = = Sym q (Z) for some integers 
p, q > 1. Indeed existence of such a decomposition implies that grJ^(Z) = 1[1] and 
gr^(Z) = for m 7^ and grJ^(Y) = l(n)[n] and gr^(Y) = for m 7^ n. This 
means that X = 1[1] © l(n)[n] which is a contradiction. 

2. S'a(X) = if and only if [1, 2] x [1, 2] C [A]. This follows fromiJl 
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5. Interpretations in the Grothendieck group 



What follows is devoted to a study of Schur functors on the triangulated category D of 
mixed Tate motives when viewed in the Grothendieck group. We prove the existence of a 
A— ring structure on D. For more on A— rings we refer to [SGA 6, Exp. V] and [T3j. This 
result is useful when dealing with dimension and additivity properties of Schur functors. 
In the sequel we denote W\ n>n ]{D) by D n for an integer n. We notice that there is a 
natural embedding i n : D n — > D and an exact functor grjf : D — > D n . It is clear that 
grj^ o L n = id and grjf o i m = for m ^ n. 

Lemma 5.1. D is an essentially small category and the class cl(X) in K (D) of each 
mixed Tate motive X decomposes as 

cl(X) = J2 d (sC(X)) = cl(gr w (X)). 
That is id = ^ 7i n where n n := K Q (i n o grjf ). 

Proof. First note that PU[o,o] is essentially small. Using the distinguished triangles 13.51 
we see by induction on n > that PU[_ njn ] is essentially small. Therefore D, being a union 
of these, is also essentially small. The last assertion follows from 13.51 and 13.61 □ 

The Grothendieck group K$(D) is in fact a ring precisely because the tensor product 
<S> '■ D x D — ► D is an exact functor in both arguments. In other words 

K (D) x K (D) -> K (D), (cl(X), cl(r)) h-> cl(X ® Y) 

defines an associative commutative unital ring structure on K Q (D). Note also that the 
exact tensor functor gf 14 ' : D — ► D h (Q — fgmod), considered in 13. 71 gives an augmentation 
e: K (D) — > Z defined explicitly by 

e(cl(X)) = ^(-irdim Q (^(p^(X))). 

PROPOSITION 5.2. Tiie homomorphism h: Z[r, r _1 ] — »■ K (D) defined by r ^ d(l(l)) 
wiiere r is an indeterminate is an isomorphism of rings. 

Proof. For an integer n, denote W[ n>n ](D) by D n . Let us identify Z with K (D ). This 
is a ring identification by the classical Kiinneth formula. Note that the ring Z[r, r" 1 ] is 
obtained by localising the polynomial ring Z[r] at the multiplicative subset {1, r, r 2 , • • • }. 
Define 

h: Zfcr- 1 ] r^cl(l(l)). 

The function ft is well-defined and is a ring homomorphism. By 15.11 ft is surjective. It 
remains to show that h is injective. With notations as in the proof of 15.11 consider the 
group homomorphism 

Ko(gr^): K (D) ^ K (D n ). 

This is an split epimorphism of abelian groups. It follows that A"o(grJf) o h sends m q r q 
to m q for q = n and zero otherwise. This shows that h is injective. The result follows. 

□ 
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Remarks 5.3. 

1. The isomorphism h: 1i[t, t -1 ] — > Kq(D) is compatible with augmentation. That is 
if we define e: Z[r, r _1 ] -> Z by r h> 1, then eoh — e. 

2. The result gives a convenient way of thinking about mixed Tate motives. Let 
us denote by [S] the class in K (D) of the motive, assuming to be mixed Tate, of 
a smooth scheme of finite type S — > Spec(fc). We have the following formula? 

[A£] = l, [P«] = l + r + .-- + r", [A2\0] = l-7* 

Theorem 5.4. For eacii z > the map 

X : K (D) #oP), cI(X) h-> cZ(AJt*(X)) 

is well-defined. The X 1 define a structure of X—ring on K (D). 

Proof. Using the result 15.21 together with [13], p. 17], it is enough to show that the X 1 
are well-defined and define a structure of pre- A— ring on Kq(D). Let X be an element of 
the set Obj(-D) of isomorphism classes of mixed Tate motives. Define 

X(X) := £ cl(Alt 9 (X))t« el + tK (D)[t] C ^oP)M x - 

We must show that A : K Q (D) -> 1 + tK (D)[t] given by cl(X) ^ A(X) is a well-defined 
homomorphism of abelian groups. By definition the function A extends to the free abelian 
group on the set of isomorphism classes of mixed Tate motives, i.e. 

\:Z[Obj(D)]^l+tK (D)[t]. 

First note that for mixed Tate motives X and Y we have A(1(X © Y)) = A(1(X) + 1(F)) 
where 1: Obj(.D) — > Z[Obj(£))] is the canonical function. Indeed it is enough to prove 
that for any integer n > 

cl(Alt n (X©F)) = cl(Alt p (X) <g> Alt 9 (F)). 

p+q=n 



But in view of the definition this follows from 4.5(2). In particular A(1(X © Y)) = 
X(X)X(Y). Secondly we note that by 15.11 we have 

cl(Alt p (X)) = cl(gr w (Alt p (X))) = cl(Alt p (gr w (X))) 

which implies that A(X) = A(gr w (X)). Thirdly we show that A(X[1]) = A(X)" 1 . The 
previous two steps show that 

\{X[l)) = I[\(gg(X)[l)). 

n<=% 

We show that A(grjf (X)[l]) = A(grJf(X))~ 1 for each n. Using the simple fact that 
Alt p (X(l)) ~ Alt p (X)(p),01 and the second step we may assume that X = 1. But the 
assertion is trivial in this 

A(l) = l+t, A(l[l]) = 1 -t + t 2 . 
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Fourthly let Y — > X — > Z — ► y[l] be a distinguished triangle. If this is split (i.e. one of 
the morphisms is zero), then X(X) = X(Y)X(Z) because of the first and third statements. 
The general case is a combination of the latter and the second step. More precisely 

X(X) = X(gr w (X)) 

new 
new 

= KY)X(Z). 

This means that A is a well-defined homomorphism on K (D). □ 
Corollary 5.5 (Product formula). X(x) = X(ir n (x)). 

neW 

Proof. This was shows in the proof of 15. 41 and can also be derived from it using I5TT1 that 
id = ^2 7T n as endomorphism of the abelian group Kq(D). □ 

Corollary 5.6. Let Y — > X — > Z — > Y[l] be a distinguished triangle. Then for each 
integer n > 

cl(Alt n (X)) - cl(Alt n (Y ®Z))=0 in K (D). 
Corollary 5.7. (-l) q cl(^Alt p (X) <g> Sym q (X)^ = ifn ^ 0. 

p+q=n 

Proof. This follows from E3] and the equation X(X © X[l]) = 1. □ 
By 15.71 we have 

^cl(Sym«(X))r = (^cl(Air(X))(-t)") _1 

n>0 n>0 

in 1 + tK (D){tj. Following [11] and [2, 4.3], this element of K (D)[t] may be called 
the Zeta function of X and denoted by (x(t). For our purpose, let us call an element 
/ G 1 + tK (D){t] rational if there are polynomials u and v in Ko(D)[t] C i^ (-D)[t] with 
v(0) = 1 such that / = uv~ x . 

Corollary 5.8. Let X be a mixed Tate motive. Then Cx(t) is a rational function. 

Proof. The assertion is clear for objects of the form 1(g) [p]. Now for a distinguished 
triangle X' -> X -> X" -> X[l\ of mixed Tate motives we have cl(X) = cl(X') + c\{X") 
in Kq(D). Therefore by 15.41 we have the identity 

Cx{t) = {x>(t)Cx»{t). 

The result follows immediately. □ 
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Remark 5.9. Analyzing the proof of the theorem 15.41 we have the following. Let _D a d be 
the underlying additive subcategory of D. Let T be a subgroup of K (D a a) generated by 
elements of the form 

cl(X©gr w (X)[l]) +cl(F©F[l]) 

where X and Y are objects of D^. Then the canonical epimorphism K (D a( j) — > K (D) 
induces an isomorphism Kq(D & &) /T ~ K (D). 

It is possible to prove a slightly more general statement than 15.41 Let us first recall the 
folowing notations. 

Notations 5.10. For n > denote by R n the Grothendieck group of the semisimple 
abelian category of finitely generated QS n — modules. This is a free abelian group on the 
set of isomorphism classes of irreducible objects or equivalently on the set of partitions 
of n. Here we adopt the convention that has one and only one partition. Define 

R := J^J R n . 

n>0 

This is a commutative, associative, and unital ring with the multiplication of classes of a 
QS p -module V and a QS g -module W given by cl(lnd^s 9 ( V ® w ))- 

Definition 5.11. Let X be an element of the set Obj(-D) of isomorphism classes of 
mixed Tate motives. Define 

As(X) := J2d(Sp(X))®d{VjtM e l + tK (D) R [t] c K (D) R [t] x . 

where the sum is taken over all partitions /i with > and where is the irreducible 
representation of corresponding to \i and K (D) R := K (D) ®% R. . 

Theorem 5.12. A E : K Q (D) -> l+tK {D) R {t} given by d(X) ^ X S (X) is a well-defined 
monomorphism of abelian groups. 

Proof. The proof is essentially the same as that of 15.41 □ 

Remark 5.13. As in the special case 15.41 the previous theorem implies results similar 
to [53] and EU 
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